A Nekhoroshev type theorem for the nonhnear 
Schrodinger equation on the d-dimensional torus. 



Erwan Faou^ and Benoit Grebert^ 

1 INRIA & ENS Cachan Bretagne, 
Avenue Robert Schumann F-35170 Bruz, France. 
email: Erwan . Faou@inria . f r 

^ Laboratoire de Mathematiques Jean Leray, Universite de Nantes, 
2, rue de la Houssiniere F-44322 Nantes cedex 3, France. 
email: benoit . grebert@univ-nantes . f r 

March 26, 2010 

Abstract 

We prove a Nekhoroshev type theorem for the nonhnear Schrodinger equation 

iut = — Am + V i^u + dug{u, u) , x G T*^, 

where F is a typical smooth potential and g is analytic in both variables. More precisely we 
prove that if the initial datum is analytic in a strip of width p > with a bound on this strip 
equals to e then, if e is small enough, the solution of the nonlinear Schrodinger equation above 
remains analytic in a strip of width p/2 and bounded on this strip by Ce during very long time 
of order e~"l ^"^^1" for some constants C > 0, a > and /? < 1. 

MSG numbers: 37K55, 35B40, 35Q55. 
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Introduction and statements 



We consider the nonlinear Schrodinger equation 



iut = —An + V-ku + dug{u, u) 



(1.1) 



where V is a smooth convolution potential and g is an analytic function on a neighborhood of 
the origin in which has a zero of order at least 3 at the origin and satisfies g{z,z) G M. In 
more standard models, the convolution term is replaced by a multiplicative potential. The use 
of a convolution potential makes easier the analysis of the resonances. 

For instance when g{u,u) = ^^\u\'^p~^'^ with a G M and p G N, we recover the standard 
NLS equation iut = —Au + V u + a\u\'^Pu. We notice that (1.1) is a Hamiltonian system 
associated with the Hamiltonian function 



and the symplectic structure inherent to the complex structure, idu A du. 

This equation has been considered with Hamiltonian tools in two recent works. In the first 
one (see [BG03] and also [BG06] and [Bou96] for related results) Bambusi & Grebert prove a 
Birkhoff normal form theorem adapted to this equation and obtain dynamical consequences on 
the long time behavior of the solutions with small initial Cauchy data in Sobolev spaces. More 
precisely they prove that if the Sobolev norm of index s of the initial datum uq is sufficiently 
small (of order e) then the Sobolev norm of the solution is bounded by 2e during very long 
time (of order with r arbitrary). In the second one (see [EK]) Eliasson & Kuksin obtain 
a KAM theorem adapted to this equation. In particular they prove that, in a neighborhood 
of u = 0, many of the invariant finite dimensional tori of the linear part of the equation are 
preserved by small Hamiltonian perturbations. In other words, (1.1) has many quasi-periodic 
solutions. In both cases non resonances conditions (not exactly the same) have to be imposed 
on the frequencies of the linear part and thus on the potential V. 

Both results are related to the stability of the zero solution which is an elliptic equilibrium 
of the linear equation. The first establishes the stability for polynomials times with respect to 
the size of the (small) initial datum while the second proves the stability for all time of certain 
solutions. In the present work we extend the technic of normal form and we establish the sta- 
bility for times of order e~"l ''^^1'^ for some constants a > and (3 < 1, e being the size of the 
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initial datum in an analytic space. 



We now state precisely our result. We assume that V belongs to the following space {m > 
d/2, R>0) 

Wm = {V{x) = ^ae'"-^ I < := Vail + |a|)™/i? G [-1/2, 1/2] for any a E Z"'} (1.2) 

that we endow with the product probability measure. Here, for a = (ai, . . . ,ad) € Z*^, 
|a|^ = af H h a^. 

For p > 0, we denote by Ap = ApiT"^; C) the space of functions (j) that aie analytic on 
the complex neighborhood of d-dimensional torus T*^ given by Ip = {x + iy \ x ^ T*^, y G 
R'' and \y\ < p} and continuous on the closure of this strip. We then denote by | • |p the usual 
norm on Ap 

|(/)|p = sup \(l)iz)\. 

We note that (Ap, \ ■ \p) is a Banach space. 
Our main result is a Nekhoroshev type theorem: 

Theorem 1.1 There exists a subset V C Wm of full measure, such that for S V, /3 < 1 and 
p > 0, the following holds: there exist C > and eo > such that if 

uo G -^2p and \u0\2p = e < Eq 

then the solution of (1.1) with initial datum uq exists for times \t\ < and satisfies 

\u{t)\p/2<Ce for |t| <e--l''^^l^ (1.3) 

with ap = min{|, |}. 

Furthermore, writing u{t) = Ylkez-^ Ck{t)e^^'^, we have 

eP\''\\Mt)\ - M0)\\ < e""^' for |t| < e"^"! '"^l". (1.4) 

Estimate (1.4) asserts that there is almost no variation of the actions ' and in particular no possi- 
bility of weak turbulence, i.e. exchanges between low Fourier modes and high Fourier modes. 
This kind of turbulence may induce the growth of the Sobolev norm ^(1 + | (s > 1) 

of the solution as recently proved in [CKSTT09]. 

In finite dimension n, the standard Nekhoroshev result [Nek77] controls the dynamic over 
times of order exp (^jt/(7ttj^ ^^'^ some a > and r > n + 1 (see for instance [BGG85, 
GG85, Pos93]) which is of course much better than ^-^lin^l" = g-^l in£|(i+^) Neverthe- 
less this standard result does not extend to the infinite dimensional context. Actually, when 
n — )• 00, that can be transformed in | lne|(^+'') is a good news! 

The only previous work in the direction of Nekhoroshev estimates for PDEs was obtained by 

Here the actions are the modulus of the Fourier coefficients to the square, Ik ~ ICfcP- 
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Bambusi in [Bam99]. He also worked in spaces of analytic functions in a strip and for times 
of order e~"l in£r+''^ nevertheless the control of the solution was not obtained uniformly in a 
strip but in a complicated way involving the Fourier coefficients of the solution. 

We now focus on the three main differences with the previous works on normal forms: 

• we crucially use the zero momentum condition: in the Fourier space, the nonlinear term 
contains only monomials Zj^ ■ ■ ■ zj^ with ji + • • • + jk = (cf. Definition 2.4). This 
property allows to control the largest index by the others. 

• we use ^^-type norms to control the Fourier coefficients and the vector fields instead of 
£^-type norms as usual. Of course this choice does not allow to work in Hilbert spaces 
and makes obligatory a slight lost of regularity each time the estimates are transposed 
from the Fourier space to the initial space of analytic functions. But it turns out that this 
choice makes much more simpler the estimates on the vector fields (cf. Proposition 2.5 
below and [FGIO] for a similar framework in the context of numerical analysis). 

• we notice that the vector field of a monomial.z^^ • • • zj,, containing at least three Fourier 
modes Zi with large indices i induces a flow whose dynamics is under control during 
very long time in the sense that the dynamic almost excludes exchanges between high 
Fourier modes and low Fourier modes (see Proposition 2.10). In [Bam03] or [BG06], 
such terms were neglected since the vector field of a monomial containing at least three 
Fourier modes with large indices is small in Sobolev norm (but not in analytic norm) and 
thus will almost keep invariant all the modes. This more subtle analysis for monomials 
was still used in [FGPIO]. 

Finally we notice that our method could be generalized by considering not only zero mo- 
mentum monomials but also monomials with finite or exponentially decreasing momentum. 
This would certainly allow to consider a nonlinear Schrodinger equation with a multiplicative 
potential V and nonlinearities depending periodically on x: 

iut = — + Vu + dug{x, u,u) , X £ T'^. 

Nevertheless this generalization would generate a lot of technicalities and we prefer to focus 
here on the simplicity of the arguments. 

2 Setting and Hypothesis 

2.1 Hamiltonian formalism 

The equation (1.1) is a semi linear PDF locally well posed in the Sobolev space H'^{T'^) (see 
for instance [Caz03]). Let u be a (local) solution of (1.1) and consider i^,!]) = {Ca,'na)aeZ''- 
the Fourier coefficients of u, u respectively, i.e. 

<x) = Yl ^""^ = E ^ae-*'^-^ (2.1) 
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A standard calculus shows that u is solution in 2 (T"" ) of ( 1 . 1 ) if and only if , r?) is a solution 
in^ ^2 ^ ^2 °f "^he system 

(2.2) 

where the linear frequencies are given by cJq = |op + Va where as in (1.2), V = ^ VaC^""'^, 
and the nonlinear part is given by 

This system is reinterpreted in a Hamiltonian context endowing the set of couples {Ca,Va) G 
C^'' X C^"* with the symplectic structure 

i^d^aA drja. (2.4) 

We define the set Z = Z"' x {±1}. For j = (a, (^) G Z, we define |j| = \a\ and we denote by 
j the index (a, —5). 

We identify a couple r/) G C^'' x C^'* with {zj)j^z G via the formula 

{Zi = £a if <5 = 1, 
= 7?<j if 5 = -l. 

By a slight abuse of notation, we often write z = rj) to denote such an element. 

For a given p > 0, we consider the Banach space £p made of elements z G such that 

and equipped with the symplectic form (2.4). We say that z G £p is real when zj = 'Zj for any 

j G 2^. In this case, we write z = f) for some ^ G C^'' . In this situation, we can associate 
with z the function u defined by (2.1). 

The next lemma shows the relation with the space Ap defined above: 

Lemma 2.1 Let u be a complex valued function analytic on a neighborhood ofT'^, and let 
{zj)jez be the sequence of its Fourier coefficients defined by (2.1) and (2.5). Then for all 
ji < p, we have 

if u £ Ap then z £ Cp and \\z\\ ^ < Cp^p\u\p ; (2.6) 
if z £ Cp then u G Ap and \u\p < Cp^p\\z\\^ , (2.7) 

where Cp^p is a constant depending on p and /i and the dimension d. 



2 As usual, ll = {(^a)aGZ<^ I E(l + W^Ma? < +Oo}. 
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Proof. Assume that u € Ap. Then by Cauchy formula, we have for all j G Z, \zj\ < 

|u|pe~^l-'l. Hence for /i < p, we have 



z 



je^ nez \1 — e ^ 



Conversely, assume that z G £.p. Then < e ^'"^l for all a G Z"^, and thus by (2.1), we 

get for all x G T'^ and y G M"' with \y\ < fi, 

\u{x + iy)\ < Y: ICalel^^l < Wz^ Yl < ( ll^llp- 

Hence u is bounded on the strip ■ 

For a function F of C^(£p,C), we define its Hamiltonian vector field by Xp = JVF 
where J is the symplectic operator on Cp induced by the symplectic form (2.4), VF{z) = 

(i^) where by definition we set for j = (a, 6) e x {±1}, 



dF 

dF ' 



dZj 



dF 

— if 5 = -l. 



For two functions F and G, the Poisson Bracket is (formally) defined as 

We say that a Hamiltonian function H is rea/ if H{z) is real for all real z. 

Definition 2.2 For a given p > 0, we denote by Tip the space of real Hamiltonians P satisfy- 
ing 

P£C\CpX), and Xp £C\Cp,Cp)- 

Notice that for F and G in Hp the formula (2.8) is well defined. With a given Hamiltonian 
function H G Hp, we associate the Hamiltonian system 

z = XHiz) = JVH{z) 

which also reads 

dFI OH 

and T)^ = i—, gGZ'^. (2.9) 

We define the local flow ^^p{z) associated with the previous system (for an interval of times 
t > depending a priori on the initial condition z). Note that if z = ^) and if H is real, the 
flow (^*, = <^>^(z) is also real, ^* = f/* for all t. Further, choosing the Hamiltonian given 
by 
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P being given by (2.3), we recover the system (2.2), i.e. the expression of the NLS equation 
( 1 . 1 ) in Fourier modes. 

Remark 2.3 The quadratic Hamiltonian Hq = X^aez<^ ^a^aVa corresponding to the linear 
part of (1.1) does not belong to Tip. Nevertheless it generates a flow which maps Cp into Cp 
explicitly given for all time t and for all indices a by ^a(i) = e~*'^''*^fc(0), r]a{t) = e"^''*?/fc(0). 
On the contrary, we will see that, in our setting, the nonlinearity P belongs to Tip. 



2.2 Space of polynomials 

In this subsection we define a class of polynomials on C^. 

We first need more notations concerning multi-indices: let ^ > 2 and j = (ji, . . . , j^) G 
with ji = {ai,6i), we define 

• the monomial associated with j : 



• the momentum of j : 

M{j) = ai6i + ■ ■ ■ + ae6e, (2.10) 

• the divisor associated with j : 

n{j) = 5iUJa^ H h SiUat (2.11) 

where, for a G Z,'^, uja = |ap + Va are the frequencies of the linear part of (1.1). 
We then define the set of indices with zero momentum by 

X£ = {j = (ji,...,i^)G^^ with A^(j) = 0}. (2.12) 

On the other hand, we say that j = (ji, . . . , j^) G is resonant, and we write j G Mr, 
if £ is even and j = i U i for some choice of i G Z^/"^. In particular, if j is resonant then 
its associated divisor vanishes, ^{j) = 0, and its associated monomials depends only on the 
actions: 

where for all a G Z*^, Ia{z) = iaf]a denotes the action associated with the index a. 

Finally we note that if z is real, then Ia{z) = |^aP and we remark that for odd r the resonant 

set Mr is the empty set. 

Definition 2.4 Let k > 2, a (formal) polynomial P{z) = ^ o-jZj belongs to Vk if P is real, 
of degree k, have a zero of order at least 2 in z = 0, and if 

• P contains only monomials having zero momentum, i.e. such that Mi{j) = when 
ttj 7^ and thus P reads 

k 

^(^) = EE«i^i ^2.13) 

with the relation aj = aj. 



1 



The coefficients aj are bounded, i.e.\/i = 2,...,k, sup \aj\ < +00. 

jell 



We endow Vk with the norm 



|P|| = sup \aj\. 
£—2 je^i 



(2.14) 



The zero momentum assumption in Definition 2.4 is crucial to obtain the following Proposi- 
tion: 

Proposition 2.5 Let k > 2 and p > 0. We have Vk C Hp, and for P a homogeneous 
polynomial of degree k in Vk, we have the estimates 



\P(z)\ < \\P\\ \\z\ 



and 



Vz G Cp, \\Xp{z)\\ < 2k\\P\\ \\z 



,k-l 



(2.15) 
(2.16) 



Eventually, for P G Vk and Q G Ve, then {P, Q} G Vk+e-2 and we have the estimate 

\\{P,Q}\\ <2ke\\P\\ WQW . (2.17) 

Proof. Let 



we have 



|P(z)|<||P|| \z,,\---\zj,\<\\P\\ < \\P\\ \\z\\l 

and the first inequality (2.15) is proved. 

To prove the second estimate, let us take I ^ Z and calculate using the zero momentum 
condition, 

<A\P\\ E 



dP 



dzp 



M{j)=-M{l) 



Therefore 



\\Xp{z)\\ =Y,e 



dP 



dzp 



< 



M{j)=-M(e) 



But if M{j) = -M{e), 

ef\'\ < exp {p{\n\ + ■■■ + \jk-A)) < n 



n=l,...,fc-l 



Hence, after summing in I we get^ 



||Xp(z)|| <2fe||P|| eP^^^\\z^,\---eP\^''-^\\z,,_,\<2k\\P\\\\z 



•'Take care that Ai (a, 6) — Ai {—a, —S) whence the coefficient 2. 
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which yields (2.16). 

Assume now that P and Q are homogeneous polynomials of degrees k and i respectively and 
with coefficients a^, fc € and bi, I G X^. It is clear that {P, Q] is a monomial of degree 
A; + £ — 2 satisfying the zero momentum condition. Furthermore writing 

{p,g}(z)= ^i^i' 

Cj expresses as a sum of coefficients a^hi^ for which there exists an a G Z"' and e G {±1} such 
that 

(a, e) <Z k and (o, — e) C £ G X^, 

and such that if for instance (o, e) = ki and (a, — e) = ^i, we necessarily have {k2, ■ ■ ■ ,kk,£2, ■ ■ ■ ,^e) = 
J. Hence for a given j, the zero momentum condition on k and on £ determines the value of 
ea which in turn determines two possible value of (e, a). 

This proves (2.17) for monomials. The extension to polynomials follows from the definition 
of the norm (2.14). 

The last assertion, as well as the fact that the Poisson bracket of two real Hamiltonian is real, 
immediately follow from the definitions. ■ 



2.3 Nonlinearity 

The nonlinearity (7 in (1.1) is assumed to be complex analytic in a neighborhood of {0, 0} in 
C^. So there exist positive constants M and Rq such that the Taylor expansion 

9{vi,V2)= -j7J^9k^9k^g{0,0)v'lvi 

fcl,fc2>0 ^' ^' 

is uniformly convergent and bounded by M on the ball |vi| + |v2| < 2i?o of C^. Hence, 
formula (2.3) defines an analytic function on the ball ||z||^ < i?o of -^p and we have 

Piz) = YPkiz) 
where, for all /c > 0, Pfc is a homogeneous polynomial defined by 

ki+k2=k {a,5)e(Z'*)'=i x(Z'*)'=i 

with 

ki\k2\ Jjd 

and M{a,b) = ai H h a^^ - 61 - • • • - bf,., is the moment of ■ ■ ■ Ca^^ %i • • • Vb^^ ■ 

Therefore it is clear that satisfies the zero momentum condition and thus G Vk for all 
fc > 0. Furthermore ||Pfc|| < MR^''. 
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2.4 Non resonance condition 

In order to control the divisors (2.11), we need to impose a non resonance condition on the 
linear frequencies w^, a G Z'^. 

For r > 3 and j = (ji, . . . , jV) G Z^, we define as the third largest integer amongst 
I ji I, • • • , \jr\ and we recall that j G Z^' is said resonant if r is even and j = iU i for some 
i E Z^/^. 

Hypothesis 2.6 There exist 7 > 0, > and cq > such that for all r > 3 and all j € Z^ 
non resonant, we have 

> (2.18) 

Recall that for V = '^ai^z^ ^^ae*" ^ in the space Wm defined in (1.2), the frequencies read 

Rv' 

uJa = \a\^ + Va = \a\^ + ——^, aeZ'^. 

(1 + \a\)"^ 

In Appendix we prove 

Proposition 2.7 Fix 7 > small enough and m > d/2. There exist positive constants cq and 
V depending only on m, R and d, and a set C Wm whose measure is larger than 1 — 47^/^ 
such that ifVGF-y then (2.18) holds true for all non resonant j E Z"^ and all r > 3. 

Thus Hypothesis 2.6 is satisfied for all y G V where 

V = U^>oF^ (2.19) 

is a subset of full measure in Wm- 



2.5 Normal forms 

We fix an index > 1. For a fixed integer A; > 3, we set 

Jk{N) = {j€lk \ Kj)>N}. 

Definition 2.8 Let N be an integer. We say that a polynomial Z ^Vk is in N -normal form if 
it can be written 

k 

In other words, Z contains either monomials depending only of the actions or monomials 
whose indices j satisfies /u(j) > N, i.e. monomials involving at least three modes with index 
greater than N. 

We now motivate the introduction of such normal form. First, we recall the 
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Lemma 2.9 let f : M ^ ]R+ a continuous function, and y : M — > M.^ a dijferentiable function 
satisfying the inequality 



Then we have the estimate 



Proof. Let e > and define y^ = y + e which is a non negative function whose square root is 
derivable. We have 

^V^<2/(t)^^<2/(t) 
and thus ^ 



The claim is obtained when e — 0. 

For a given number N and z CpWe define 



Notice that if z e >Cp+^ then 



'J I 
lil>A^ 



R^(^)<e-'^^||z||^^^. (2.20) 



Proposition 2.10 Let € N and k > 3. Let Z a homogeneous polynomial of degree k in N- 
normal form. Let z{t) be a real solution of the flow associated with the Hamiltonian Hq + Z. 
Then we have 

R^(t) < R^(0) +4^3||^|| J\n ^sn^^s)\\1-' ds (2.21) 

and 

\m\\p < wmWp + ^k^z\\ 1^ {snz{s)\\i-' ds (2.22) 

Proof. Let a G Z'^ be fixed, and let Ia{t) = £,a{'t)f]a{t) the actions associated with the solution 
of the Hamiltonian system induced by Hq + Z. We have using (2.17) and Hq = Hq{I), 

\e^P\-\i,\ = \e^P\-\{I,,Z}\<2k\\Z\\\eP^-^^a\ ( ^ ^'^"^K ' ' ' ^J,-.\) 

M(j)=±a 
2 indices > A' 

Using the previous Lemma, we get 

•^0 M(j)=±a 
2 indices >A'^ 

(2.23) 
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Ordering the multi-indices in such way \ and |j2| are the largest, and using the fact that z{t) 
is real (and thus \zj\ = ^JT^ for j = (a, ±1) G Z), we obtain after summation in \a\ > 

lii|.li2|>A^ 

<R,^(0)+ 4^=^11^11 l\^{sf\\z{s)f~'ds. 
In the same way we obtain (2.22). ■ 

Remark 2.11 These estimates will be crucially used in the final bootstrap argument. In partic- 
ular, along the solution associated with a Hamiltonian in N -normal formal and initial datum 
\\zq\\^^ = e. Then as R^(2;o) = 0{ee~P^), Eqns. (2.21)-(2.22) guarantee that {z{t)) 

remains of order 0{ee~P^) and the norm of z{t) remains of order e over exponentially long 
time t = 0{eP^). 

The next result is an easy consequence of the non resonance condition and the definition of the 
normal forms: 

Proposition 2.12 Assume that the non resonance condition (2.18) is satisfied, and let N be 
fixed. Let Q be a homegenous polynomial of degree k. Then the homological equation 

{x,Ho}-Z = Q (2.24) 

admits a polynomial solution {x, Z) homogeneous of degree k, such that Z is in N -normal 
form, and such that 

jyuk 

\\Z\\ < WQW and WxW < -^WQW (2-25) 

7C() 

Proof. Assume that Q = XljGXfc Qj^j ^^'^ search Z = J2jeXf, ^j^j X = X^jGXfc Xj^j 
such that (2.24) be satisfied. Then the equation (2.24) can be written in term of polynomial 
coefficients 

i^{3)Xj - Zj = Qj, j G Ik, 

where il(j) is defined in (2.1 1). We then define 

Zj = Qj and Xj =0 if j Mk or ^(j ) < A^, 
Zj = and Xj = mtj) ^ ^ and /i(j) > N. 

In view of (2. 18), this yields (2.25). ■ 



3 Proof of the main Theorem 
3.1 Recursive equation 

We aim at constructing a canonical transformation r such that in the new variables, the Hamil- 
tonian i^o + -P is under normal form modulo a small remainder term. Using Lie transforms to 
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generate r, the problem can be written: Find polynomials x = X]fc=3 Xk and Z = X]I-=3 
under normal form and a smooth Hamiltonian R satisfying d°'R{0) = for all a G with 
\a\ > r, such that 

{Ho + P)o<^]^ = Ho + Z + R. (3.1) 

Then the exponential estimate will by obtained by optimizing the choice of r and A^. 
We recall that for x and K to Hamiltonian, we have for all A; > 

^{K o = {x, { • • • {X, Ky}{^{) = (ad^K)($*^), 

where ad^K = {x, K}. On the other hand, if K, L are homogeneous polynomials of degree 
respectively k and £ then {K, L} is a homogeneous polynomial of degree k + l — 2. Therefore, 
we obtain by using the Taylor formula 

) — 3 

k=Q ^ ~^ )■ 

where Or stands for any smooth function R satisfying d°'R{0) = for all a G with 
|a| > r. Now we know that for C G C, the following relation holds: 

where are the Bernoulli numbers defined by the expansion of the generating function p^j-- 
Therefore, defining the two differential operators 

^r = T.7r^< and Br = J2^<^ 
k=0 ^ ^ ^' k=0 ' 

we get 

BrAr = Id + Cr 

where Cr is a differential operator satisfying 

CrO'S = Or- 

Applying Br to the two sides of equation (3.2), we obtain 

{X,Ho+P} = Br{Z-P)+Or. 

Plugging the decompositions in homogeneous polynomials of x, Z and P in the last equa- 
tion and equating the terms of same degree, we obtain after a straightforward calculus, the 
following recursive equations 

{Xm, Ho} - Zm = Qm, m = 3, • • • , r, (3.3) 
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where 

m— 1 



Qm — —Pm + {-Pm+2-fc; Xfc} 



fc=3 

m-3 ^ (3.4) 

+ "fcf ^^x^i ■ ■ ■ ^^x^fe (^4+1 - Ptk+i ) • 

fc=l ' £i+---ek+i=m+2k 
3<£i<m-k 

Notice that in the last sum, £i < m — kasa. consequence of 3 < £i and £i + • • • £k+i = m + 2k. 
Once these recursive equations solved, we define the remainder term as R = {Hq + P)o^^ — 
Hq — Z. By construction, R is analytic on a neighborhood of the origin in Cp and R = Or- 
As a consequence, by the Taylor formula, 

m— 3 ^ 

m>r+l k=l ' £i + ---4=m+2fc 

3<4<r 

■m-3 ^ (3.5) 

m>r+l fc=0 ' fi + ---4+i=m+2A: 
3<fi+-4<r 

3<4-+i 

Lemma 3.1 Assume that the non resonance condition (2. 18) is fulfilled. Let r and N be fixed. 
For m = 3, - ■ ■ , r, there exist homogeneous polynomials Xm and Zm of degree m, with Zm in 
N —normal form, solutions of the recursive equation (3.3) and satisfying 

UmW + \\Zra\\ < {CmNT' (3.6) 

where the constant C does not depend on r or N. 

Proof. We define Xm and Z^ by induction using Proposition 2.12. Note that (3.6) is clearly 
satisfied for m = 3, provided C is big enough. Estimate (2.25), together with (2.17) and the 
estimate on the Bernoulli numbers, \Bk\ <k\c'^ for some c > 0, yields for all m>3, 

m—l 

jc^N-'^'WXmW +\\Zm\\ < \\Pm.\\ + 2 J]] A;(m + 2 - fe) ||P„+2_fc || llXfcll 

k=3 

m—3 

+ 2Y,{Cm)'^ E 411X411 •••411X411 11^4+1 II • 

k=l ix+---ik+i=m+2k 
3<£i<m—k 
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for some constant C. We set firn = "^(||Xm|| + \\Zm\\ )■ Using \\Pm\\ < MR^ ™' (see end of 
subsection 2.4), we obtain 

/3„^ < /? W + where 



m 

m—1 



/3« = (C7iV-)-m3 ^ and 



fc=3 
m— 3 

= iV-(Cm)™-i E • • • + ll^4.+i II ) 

fc=l £i+---£fe+i=m+2fc 
3<^i<m— fc 

where C depends on M, Rq, 7 and cq. It remains to prove by recurrence that Pm < {CmN'^)^ , 
m > 3. Again this is true for m = 3 adapting C if necessary. Thus assume that Pj < 
{CjN^y j = 3, . . . , m — 1, we then get for 

as soon as m > 4, and provided C > 2. On the other hand, since ||Pm|| < MRq"^, we can 
assume that H-P^^^^ || < Pe^+i ^i^d we get 

m— 3 

k=l e.i+—lk+i=m+2k 
3<ii<m—k 

Notice that the maximum of + • • •+^|_,_^ when£i + - • ■ ik+i = m+2fcand 3 < £{ < m—kis 
obtained for £1 = • • • = £fc = 3 and £k+i = m — k and its value is (m — /c)^ + 9A;. Furthermore 
the cardinal of {^1 + • • • Ik+i = m + 2k, 3 < £i < m — k} is smaller than m^'^^, hence we 
obtain 

/3^) < max N''"'{Cmr~^Cm''+'^{CN''{m - A;))(™-'=)'+9'= < -{CmNT'' 

k=l,--- ,m— 3 2 

for all m > 4 and adapting again C if necessary. ■ 



3.2 Normal form result 

For a number Rq , we set Sp(i?o) = {-^^ ^ I lkll^ < Ro}- 

Theorem 3.2 Assume that P is analytic on a ball Bp^Ro) for some Rq > and p > 0. 
Assume that the non resonance condition (2.18) is satisfied, and let j3 < 1 and M > 1 be 
fixed. Then there exist constants eo > and a > such that for all e < Eq, there exists: 
a polynomial x> ^ polynomial Z in \ lne|^"*"^ normal form, and a Hamiltonian R analytic on 
Bp{Me), such that 

{Ho + P)o^\ = Ho + Z + R. (3.7) 
Furthermore, for all z € Bp{Me), 

\\Xz{z)\\^+\\X.^{z)\\^<2e^l\ and \\Xn{z)\\ ^< e e~\\'^^\'^' . (3.8) 
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Proof. Using Lemma 3.1, for all N and r, we can construct polynomial Hamiltonians 

r r 

x{z) = Y,Xk{z) and Z{z) = Y,Zk{z), 

k=3 k=3 

with Z in A^-normal form, such that (3.7) holds with R = Or. Now for fixed e > 0, we choose 

N = N{e) = \lne\^+^ and r = r{e) = \ ln£\^ . 

This choice is motivated by the necessity of a balance between Z and R in (3.7): The error 
induced by Z is controlled as in Remark 2.11, while the error induced by R is controlled by 
Lemma 3.1. By (3.6), we have 

llXfcll < {CkN")''^ <ex.p{k{iyk{l + f3)ln\ln£\ + klnCk)) 

< exp(A:(z/r(l + /3) In I In e| + r In Cr)) c'? 

< exp(/t| lne|(i/| lne|^"i(l + /3) In | lne| + | lne|^-i lnC| lne|^)) ^ ' ' 

< e-'^/s, 

as /3 < 1, and for e < Eq sufficiently small. Therefore using Proposition 2.5, we obtain for 

z G Bp{Me) 

\Xk{z)\ < e"^/^{Mef < M'^e'^/^ 

and thus 

\x{z)\ < ^AfV^'/s <^3/2 

fc>3 

for e small enough. Similarly, we have for all k < r, 

\\X^^{z)\\^ < 2ke-^l^{Mef-^ < 2kM^-^e'^^/^-^ 

and 

\\X^{z)\\^ < ^2kM''-h''/'-' < Ce-h'i < ^3/2 

fc>3 

for e small enough. Similar bounds clearly hold for Z = ^^,=3 Zk, which shows the first 
estimate in (3.8). 

On the other hand, using ad^^^^i^o = -^^j, + (see (3.3)), then using Lemma 3.1 and the 

definition of Qm (see (3.4)), we get Had^, ifo|| < {CkN^Y^'' < e''^*'/^, where the last 

inequality proceeds as in (3.9). Thus, using (3.5), (3.9) and < MRq we obtain 

by Proposition 2.5 that for z £ Bp{Me) 

m— 3 

\\Xr{z)\\^< 5] rri(Cr)3-e-^e™"i < ^ m\Crf"^e"'/'<{Crf'e'/\ 

■m>r+l fc=0 m>r+l 

Therefore, since r = I Inel'^, we get \\Xr{z)\\ < e e^il for z G Bp{Me) and e small 
enough. ■ 



3.3 Bootstrap argument 

We are now in position to prove the main theorem of Section 1 which is actually a consequence 
of Theorem 3.2. 
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Let uq € A2p with |uo|2p = £ and denotes by z{0) the corresponding sequence of its 
Fourier coefficients which belongs, by Lemma 2.1, to in Ca^ with |U(0)||3 < with 

2 2 

Cp = — — ^''p^^Vd)d • '^^'^ ^(*) '■'^^ local solution in Cp of the Hamiltonian system associated 
with H = Ho + P. 

Let X, Z and ii given by Theorem 3.2 with M = Cp and let y{t) = ^^{z{t)). We recall that 
since x(z) = 0(||z||'^), the transformation <1>^ is close to the identity, = ^ + 0(||2;||^) 

and thus, for e small enough, we have ||y(0)|| 3 < ^e. In particular, as noticed in (2.20), 

R%{y{0)) < f e < e"'^^ where a = dp < f . 

Let be maximum of time T such that R'^{y{t)) < CpS e^"^ and ||y(i)||^ < Cp£ for all 
|t| < T. By construction, 

= y(0) + / XHo+z(y(s))(is + / XR{y{s))ds 
Jo Jo 

so using (2.21) for the first flow and (3.8) for the second one, we get for |t| < T^, 

Kivit)) < ^cpe e-<^^ + 4|t|^||Zfc|| fc3(cpe)'=-ie-2'^^ + |t|ee-3li-l^-^'' 



fc=3 



< \1+Mt\j2\\^k\\ k'icpef-^e-'^ 

\ k=3 



(3.10) 



where in the last inequality we used a = min{|, ^} and = In le]^"*"^. 
Using Lemma 3. 1, we then verify 



and thus, for e small enough, 

Wt)) ^ ^p 



< CpE e-"^ for all \t\ < min{r^, e'"^}. (3.11) 



Similarly we obtain 

\\yit)\\p<Cp£ forall |t| < min{r£,e'^^}. (3.12) 
In view of the definition of T^, (3.11) and (3.12) imply > e"^ . In particular \\z{t)\\^ < 2cpe 

for \t\ < e'^^ = £-^1 1'^^l'' and using (2.7), we finally obtain (1.3) with C = ^^_^^^^^2Vd)2d - 
Estimate (1 .4) is an other consequence of the normal form result and Proposition 2. 10. Actually 
we use that the Fourier coefficients of u{t) are given by z{t) which is e^-close to y{t) which 
in turns is almost invaiiant: in view of (2.23) and as in (3.10), we have 

T.^'^%M-\ym\\<(mj2\\Zk\\ k'{cpe)''-'e-''^'' + \t\ee-ll^-^\'^'] 

V fc=3 / 

from which we deduce 

Y.eP\^\\\yj{t)\-\yjm\<\t\ e"-^ 

and then (1.4). 
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A Proof of the non resonance hypothesis 

Instead of proving Proposition 2.7, we prove a slightly more general result. For a multi-index 
j G we define 

r 

N{j) = l[{l + \h\). 

k=l 

Proposition A.l Fix 7 > small enough and m> d/2. There exist positive constants C and 
V depending only on m, R and d, and a set C Wm whose measure is larger than 1 — 4j 
such that ifVGF^ then for any r > 1 



C^7 



(A.l) 



for any j G Z^, for any indexes li, I2 G Z"^, and for any £±,£2 G {0, 1, —1} such that 
(j, (^1) £1)) (^2 5 £2)) ^ A^r is non resonant. 

In order to prove proposition 2.7, we first prove that cannot accumulate on Z. Pre- 
cisely we have 

Lemma A.2 Fix 7 > and m > d/2. There exist < C < 1 depending only on m, R and 
d and a set C Wm whose measure is larger than 1 — 47 such that ifV&F!^ then for any 
r > 1 



C^7 



for any non resonant j G Z*" and for any b G Z. 



(A.2) 



Proof. Let (ai, . . . , a^) 7^ in Z*", M > and c G M. By induction we can prove that the 
Lesbegue measure of 



{x G [-M, MY \ \Y^ aiXi + c\ <r]} 



i=l 



is smaller than {2MY ^2r]. Hence given j = {ai,6i)^^^ G Z^, and 6 G the Lesbegue 
measure of 



Xr,:= |xG [-l/2,l/2]'' : 
is smaller than 2ry. Now consider the set 

{V£Wm\ m) -b\<l]} = \ V £Wr, 



^(5j(|aip + Xi) -b 



i=l 



< T] 



1=1 ^ 



Va,R 



(1 + Wi 



:)-b 



(A.3) 

it is contained in the set of the V's such that {RvaJ{l + \ai\)'^)l^i G Xr,. Hence the measure 
of (A.3) is smaller than 2R~^ N{j)^r]. To conclude the proof we have to sum over all the jf 's 
and all the 6's. Now for a given j, remark that if — b\>r] with t] < I then |6| < 2N{j)'^. 
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So that to guarantee (A.2) for all possible choices oi j,b and r, it suffices to remove from yV„ 
a set of measure 



47 E 



2C ^ 1 



Choosing C <\R[ (jqr^^jjs+r) ^ proves the result. ■ 

Proof of proposition A.l. First of all, for ei = £2 = 0, (A.l) is a direct consequence of 
lemma A.2 choosing v>m + d + ?),^<l and = F!^. 
When £1 = ±1 and £2 = 0, (A.l) reads 

C"^7 



(A.4) 



N{jy 

Notice that < N{j)'^ and thus, if \h\ > 2N{j), (A.4) is always true. When < 

2N{j), using that N{j,i) = N{j){l + we get applying lemma A.2 with 6 = 0, 



|0(j) + £iu;,J = |0(j,(£i,£i))|> 



m+d+3 



(3A^(J)) 



m+d+3 



> 



Nur 



with I' = 2{m + d + 3) and C = ^^+^+3 . In the same way we prove (A.l) when £i£2 = 1 
with the same choice of v. So it remains to establish an estimate of the form 

(7'"7^ 



Assuming \£i\ < 1, we have 



R\v£l\ 



N{jy 

R\ve^\ 



(A.5) 



(1 + 141)™ (i + l^2ir 



< 



R 



(1 + 141)-' 



Therefore if (1 + |£i |)™ > ^iV(jf )™+'^+^, we obtain (A.5) directly from lemma A.2 appUed 
with b = £f- £l and choosing u = m + d + 3, C = C/2 and F-y = F^. 
Finally assume (1 + l^i])"^ < ^N{j)'^+'^+^, taking into acount |0(j)| < N{j)'^, (A.5) is 
satisfied when l\ — l\< 2N{j)'^. So it remains to consider the case when 



C^7 



1 + 141 < 1 + 141 < 
Again we use lemma A.2 to conclude 
|$7(j) + iOi^ - W^al > 



9 R \ 

iV(j)'»+'^+3 ) + 2iV(j)' 



1/2 



< 



m + d-|-3 



C^+27 



> 



[iV(j)(i + |4|)(i + |4| 



1 m+d+3 



, (m + d+3)2 



> 



with i/ = m + (i + 3 + (m + (i + 3)^/m and C 



^(4m+d+3)/m 

37! • 
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